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Abstract
We characterize the boundedness and compactness of a product-type operator,
which, among others, includes all the products of the single composition,
multiplication, and diﬀerentiation operators, from a general space to Bloch-type
spaces. We also give some upper and lower bounds for the norm of the operator.
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1 Introduction
LetD be the open unit disk in the complex planeC, ∂D its boundary, dA(z) the normalized
area measure on D (i.e., A(D) = ), H(D) the class of all holomorphic functions on D, and
S(D) the family of all holomorphic self-maps of D. Let
ηa(z) =
a – z
 – az , a, z ∈D,
that is, the involutive automorphism ofD interchanging points a and . Simple calculation
shows that
 – |ηa(z)|
 – |z| =
 – |a|





A strictly positive continuous functionμ onD is calledweight. Aweightμ is called radial
ifμ(z) = μ(|z|) for every z ∈D. A radial weightμ is called typical if it is nonincreasing with
respect to |z| and μ(z)→  as |z| → . For a weight μ, the Bloch-type space Bμ = Bμ(D) is
the space of all f ∈H(D) such that
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∣ + bμ(f )
and if μ is a typical weight, then Bμ, is a closed subspace of Bμ. When μ(z) = ( – |z|)α ,
α > , Bμ reduces to the α-Bloch space, denoted by Bα , whereas Bμ, reduces to the little
α-Bloch space Bα . For some information on Bloch-type spaces, see, for example, [, ].
















For  < p <∞, – < q <∞, and ≤ s <∞, the spaces F(p,q, s) and F(p,q, s) are deﬁned

























p( – |z|)q( – ∣∣ηa(z)
∣
∣
)s dA(z) = 
for  < s <∞, respectively, whereas if s = , then F(p,q, ) = F(p,q, ) is deﬁned naturally








p( – |z|)q dA(z)
)/p
<∞.
The spaces F(p,q, s) and F(p,q, s) are known as general families of function spaces. For






and F(p,q, s) is a closed subspace of F(p,q, s). The importance of these spaces stems
from the fact that for appropriate parameter values of p,q, and s, they coincide with sev-
eral classical function spaces. For example, F(, , ) is the Hardy space H, F(p,p + α, ),
α > –, is the weighted Bergman space Apα , F(p,q, s) = B
+q
p and F(p,q, s) = B
+q
p
 for s > ,
F(p,q, s) ⊂ B +qp and F(p,q, s) ⊂ B
+q
p
 for  < s ≤ , F(, ,p) = Qp and F(, ,p) = Qp,,
and F(, , ) = BMOA, the space of analytic functions with bounded mean oscillation,
and F(, , ) = VMOA, the space of analytic functions with vanishing mean oscillation.
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If q + s ≤ –, F(p,q, s) is trivial, that is, equal to the space of constant functions, whereas
for q + s > –, it is nontrivial [].
Let ϕ ∈ S(D). The composition operator Cϕ induced by ϕ is deﬁned by
Cϕ f = f ◦ ϕ, f ∈H(D).
For ψ ∈H(D), the multiplication operatorMψ is deﬁned on H(D) by
Mψ f (z) =ψ(z)f (z), f ∈H(D).
The following product of these two operators Wϕ,ψ = Mψ ◦ Cϕ , the so-called weighted
composition operator, has been studied a lot recently.
The diﬀerentiation operator denoted by D is deﬁned by
Df = f ′, f ∈H(D).
At ﬁrst, the experts studied operator-theoretic properties of these operators on spaces
of holomorphic functions in terms of their symbols separately. A systematic study of prod-
ucts of concrete linear operators between spaces of holomorphic functions started approx-
imately a decade ago; see, for example, [–], and the related references therein. The ﬁrst
product-type operators diﬀerent from weighted composition operators, which have been
considerably studied, are the products of composition and diﬀerentiation operators (see,
e.g., [, , , , , , , , , ] and the references therein). Quite recently, there
appeared somemore complex product-type operators that include some of classical oper-
ators, such as composition, diﬀerentiation, multiplication, or integral-type operators (see,
e.g., [–, , , –] and the related references therein).
The product-type operators consisting of exactly one composition, multiplication, and
diﬀerentiation operator are the following:































































for z ∈D and f ∈H(D).
To treat the operators in () in a uniﬁed manner, Stević et al. [, ] introduced a gen-
eralized operator and studied it on the weighted Bergman spaces. Motivated by that op-
erator, here we introduce the operator







, f ∈H(D), ()
where ψ, ψ ∈ H(D), ϕ ∈ S(D), and n ∈ N. It is worth noticing that, among others, the
composition operator, multiplication operator, diﬀerentiation operator, as well as all the
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products of composition, multiplication, and diﬀerentiation operators in (), can be ob-
tained from the operators Tψ,ψ,ϕ and T

ψ,ψ,ϕ by ﬁxing ψ and ψ. More speciﬁcally,
we have Cϕ = T,,ϕ , Mψ = Tψ ,,z , D = T ,,z = T,,z , MψCϕ = Tψ ,,ϕ , CϕD = T ,,ϕ = T,,ϕ ,
CϕMψ = Tψ◦ϕ,,ϕ , DCϕ = T,ϕ′ ,ϕ = T ϕ′ ,,ϕ , MψD = T,ψ ,z = T ψ ,,z , DMψ = Tψ ′ ,ψ ,z, MψCϕD =
T,ψ ,ϕ = T ψ ,,ϕ , MψDCϕ f = T,ψϕ′ ,ϕ = T ψϕ′ ,,ϕ , CϕMψD = T,ψ◦ϕ,ϕ = T ψ◦ϕ,,ϕ , DMψCϕ =
T
ψ ′ ,ψϕ′ ,ϕ , CϕDMψ = Tψ ′◦ϕ,ψ◦ϕ,ϕ , DCϕMψ = T(ψ ′◦ϕ)ϕ′ ,(ψ◦ϕ)ϕ′ ,ϕ . Note also that, for ψ ≡ , we
obtain the weighted diﬀerentiation composition operator, which was studied, for example,
in [–, , ].
Our aim here is to characterize the boundedness and compactness of the operator
Tnψ,ψ,ϕ from the F(p,q, s) and F(p,q, s) spaces to Bloch-type spaces. The paper can be
regarded as a continuation of our line of investigations in [, , , , –, , ].
Throughout this paper, constants are denoted byC, they are positive and not necessarily
the same at each occurrence. The notation A  B means that B  A  B, where A  B
means that there is a positive constant C such that A ≤ CB. We also use the standard
convention
∏k–
j=k aj = .
2 Boundedness and compactness of Tnψ1,ψ2,ϕ
In this section, we prove our main results. Namely, we characterize the boundedness and
compactness of the operator Tnψ,ψ,ϕ from the F(p,q, s) and F(p,q, s) spaces to Bloch-
type spaces. We also give some upper and lower bounds for the norm of Tnψ,ψ,ϕ :
F(p,q, s) (or F(p,q, s))→ Bμ.
For this purpose, we need several lemmas. The next lemma can be found in [].










The following folklore point-evaluation result can be found, for example, in [].








‖f ‖Bα ,  < α < ,
‖f ‖Bα ln –|z| , α = ,
‖f ‖Bα





∣ ‖f ‖Bα( – |z|)α+n–
for each n ∈N.
The following lemma can easily be obtained by combining the inequalities in Lemmas 
and .
Stevic´ et al. Journal of Inequalities and Applications  (2016) 2016:219 Page 5 of 32








‖f ‖F(p,q,s), p > q + ,










( – |z|) +qp +n–
, n ∈N.
The following lemma gives us important test functions belonging to the F(p,q, s) space.







Then supw∈D ‖fw‖F(p,q,s) <∞ and fw ∈ F(p,q, s) for every w ∈D.
Proof First, supw∈D ‖fw‖F(p,q,s) < ∞ was proved in []. Second, fw ∈ F(p,q, s) for every
w ∈ D is possibly a known statement too; however, we have not managed to ﬁnd it in the












If s > , then there is ε ∈ (, s) such that  + q – ε > . Then by Proposition .. in []
with n =  and some elementary inequalities, since s + ε –  > – and s – ε > , we have


















( – |a|)s( – |z|)q+s
| –wz|+q| – az|s dA(z)






| – az|s dA(z)
 ( – |a|
)ε
( – |w|)ε →  as |a| → 
–, ()
from which the statement follows in this case.
Now assume that  < s≤ . Let u and u′ be chosen such that
max
{
, q + 
}





and let v = q + u′ (for s = , we set /( – s) = +∞).
Stevic´ et al. Journal of Inequalities and Applications  (2016) 2016:219 Page 6 of 32
Let ε ∈ (, s) be such that
(v – ε)u > – and (q + s + ε – v)u′ > – ()
(it is not diﬃcult to see that such ε >  exists). Then, using the Hölder inequality, Propo-




( – |w|)p( – |a|)s( – |z|)q+s




( – |w|)p( – |a|)s( – |z|)(q+s+ε–v)+v–ε
| –wz|+q+p| – az|s dA(z)










| – az|su′ dA(z)
)/u′
 ( – |a|
)ε
( – |w|)ε → , as |a| → 
–,
from which the statement follows in this case. 
Our ﬁrst result gives some characterizations for the boundedness of the operator
Tnψ,ψ,ϕ : F(p,q, s) (or F(p,q, s))→ Bμ.
Theorem  Let  < p, s < ∞, – < q < ∞, q + s > –, ψ,ψ ∈ H(D), n ∈ N, μ be a typical
weight, and ϕ ∈ S(D). Then the following statements are true.
(i) If n ∈N, or n =  and p < +q, then Tnψ,ψ,ϕ : F(p,q, s) (or F(p,q, s))→ Bμ is bounded
if and only if


















Moreover, the following asymptotic relations hold:






M +M +M +
|ψ()|
( – |ϕ()|) +qp +n–
+ |ψ()|
( – |ϕ()|) +qp +n
. ()
(ii) If p >  + q, then Tψ,ψ,ϕ : F(p,q, s) (or F(p,q, s))→ Bμ is bounded if and only if ψ ∈
Bμ,
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Moreover, the following asymptotic relations hold:











( – |ϕ()|) +qp
. ()
(iii) If p =  + q and s > , then Tψ,ψ,ϕ : F(p,q, s) (or F(p,q, s)) → Bμ is bounded if and
only if
(f ) M := supz∈D μ(z)|ψ ′(z)| ln( –|ϕ(z)| ) <∞,
(g) M := supz∈D
μ(z)|ψ(z)ϕ′(z)+ψ ′(z)|
–|ϕ(z)| <∞, and
(h) M := supz∈D μ(z)|ψ(z)ϕ
′(z)|
(–|ϕ(z)|) <∞.
Moreover, the following asymptotic relations hold:














+ |ψ()| – |ϕ()| . ()
Proof (i) Suppose that n ∈ N, or n =  and p <  + q, and that conditions (a), (b), and (c)





























( – |ϕ(z)|) +qp +n–
+ |ψ(z)ϕ
′(z) +ψ ′(z)|
( – |ϕ(z)|) +qp +n
+ |ψ(z)ϕ
′(z)|
( – |ϕ(z)|) +qp +n+
)
‖f ‖F(p,q,s). ()





















( – |ϕ()|) +qp +n–
+ |ψ()|
( – |ϕ()|) +qp +n
)
‖f ‖F(p,q,s). ()






F(p,q,s) (or F(p,q,s))→Bμ M +M +M
+ |ψ()|
( – |ϕ()|) +qp +n–
+ |ψ()|
( – |ϕ()|) +qp +n
. ()
Conversely, suppose that Tnψ,ψ,ϕ : F(p,q, s) (or F(p,q, s)) → Bμ is bounded. First note
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for every f ∈ F(p,q, s).




























































p + j + 
)  – |ϕ(ζ )|








p + j – 
)( + q
p + j + 
) ( – |ϕ(ζ )|)








p + j – 
)( + q
p + j
) ( – |ϕ(ζ )|)




Then by Lemma  it is easy to see that supζ∈D ‖fζ‖F(p,q,s)   and that fζ ∈ F(p,q, s) for
every ζ ∈D.
We also have















(  – |ϕ(ζ )|
( – ϕ(ζ )z)
+q
p +n
–  ( – |ϕ(ζ )|
)
( – ϕ(ζ )z)
+q
p +n+
+ ( – |ϕ(ζ )|
)






















)  – |ϕ(ζ )|
( – ϕ(ζ )z)
+q
p +n+
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– 
( + q
p + n + 
) ( – |ϕ(ζ )|)





p + n + 
) ( – |ϕ(ζ )|)
























p + n + 
)  – |ϕ(ζ )|





p + n + 
)( + q
p + n + 
) ( – |ϕ(ζ )|)





p + n + 
)( + q
p + n + 
) ( – |ϕ(ζ )|)





























p + j + 
) (ϕ(ζ ))n+
( – |ϕ(ζ )|) +qp +n+
,

































|ψ(ζ )ϕ′(ζ )(ϕ(ζ ))n+|












p + j + 
)
.
From () and (), for δ ∈ (, ), we obtain
sup
ζ∈D
μ(ζ )|ψ(ζ )ϕ′(ζ )|
( – |ϕ(ζ )|) +qp +n+
≤ sup
|ϕ(ζ )|>δ
μ(ζ )|ψ(ζ )ϕ′(ζ )|
( – |ϕ(ζ )|) +qp +n+
+ sup
|ϕ(ζ )|≤δ
μ(ζ )|ψ(ζ )ϕ′(ζ )|
( – |ϕ(ζ )|) +qp +n+





μ(ζ )|ψ(ζ )ϕ′(ζ )(ϕ(ζ ))n+|
































For ζ ∈D and n ∈N, consider the family of functions
gζ (z) =
( + q







p + j + 
)  – |ϕ(ζ )|










p + j – 
)( + q
p + j + 
) ( – |ϕ(ζ )|)










p + j – 
)( + q
p + j
) ( – |ϕ(ζ )|)























p + n + 
)  – |ϕ(ζ )|





( + q)p + n + 
) ( – |ϕ(ζ )|)





p + n + 
) ( – |ϕ(ζ )|)























p + n + 
)  – |ϕ(ζ )|





p + n + 
)(
( + q)p + n + 
) ( – |ϕ(ζ )|)





p + n + 
)( + q
p + n + 
) ( – |ϕ(ζ )|)























p + n + 
)( + q
p + n + 
)(( + q
p + n
)  – |ϕ(ζ )|





( + q)p + n + 
) ( – |ϕ(ζ )|)





p + n + 
) ( – |ϕ(ζ )|)





























p + j + 
) (ϕ(ζ ))n+
( – |ϕ(ζ )|) +qp +n
,


































|ψ(ζ )ϕ′(ζ ) +ψ ′(ζ )‖ϕ(ζ )|n+












p + j + 
)
.
From () and (), for δ ∈ (, ), we obtain
sup
ζ∈D
μ(ζ )|ψ(ζ )ϕ′(ζ ) +ψ ′(ζ )|
( – |ϕ(ζ )|) +qp +n
≤ sup
|ϕ(ζ )|>δ
μ(ζ )|ψ(ζ )ϕ′(ζ ) +ψ ′(ζ )|
( – |ϕ(ζ )|) +qp +n
+ sup
|ϕ(ζ )|≤δ
μ(ζ )|ψ(ζ )ϕ′(ζ ) +ψ ′(ζ )|





μ(ζ )|ψ(ζ )ϕ′(ζ ) +ψ ′(ζ )||ϕ(ζ )|n+
( – |ϕ(ζ )|) +qp +n
































Finally, for ζ ∈D and n ∈N, consider the family of functions
hζ (z) =
( + q
p + n + 
)( + q









p + j + 
)  – |ϕ(ζ )|














p + j – 
)( + q
p + j + 
) ( – |ϕ(ζ )|)














p + j – 
)( + q
p + j
) ( – |ϕ(ζ )|)




Then, by Lemma  it is easy to see that supζ∈D ‖hζ‖F(p,q,s)   and that hζ ∈ F(p,q, s) for

















p + n + 
)( + q
p + n + 
)  – |ϕ(ζ )|







p + n + 
) ( – |ϕ(ζ )|)







p + n + 
) ( – |ϕ(ζ )|)























p + n + 
)( + q
p + n + 
)
×
(  – |ϕ(ζ )|
( – ϕ(ζ )z)
+q
p +n+
– ( – |ϕ(ζ )|
)
( – ϕ(ζ )z)
+q
p +n+
+ ( – |ϕ(ζ )|
)

























p + n + 
)( + q




p + n + 
)  – |ϕ(ζ )|





p + n + 
) ( – |ϕ(ζ )|)





p + n + 
) ( – |ϕ(ζ )|)


































p + j + 
)
.
































≥ C(p,q,n)μ(ζ ) |ψ
′
(ζ )(ϕ(ζ ))n|
( – |ϕ(ζ )|) +qp +n–
. ()
From () and (), for δ ∈ (, ), we obtain
sup
ζ∈D
μ(ζ )|ψ ′(ζ )|
( – |ϕ(ζ )|) +qp +n–
≤ sup
|ϕ(ζ )|>δ
μ(ζ )|ψ ′(ζ )|
( – |ϕ(ζ )|) +qp +n–
+ sup
|ϕ(ζ )|≤δ
μ(ζ )|ψ ′(ζ )|





μ(ζ )|ψ ′(ζ )(ϕ(ζ ))n|
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From (), (), and () we have






Hence, from (), (), and () we have that () holds, as desired.
(ii) Assume that n = , p >  + q, ψ ∈ Bμ, and that conditions (d) and (e) hold. If f ∈














































( – |ϕ(z)|) +qp
+ μ(z)|ψ(z)ϕ
′(z)|
































( – |ϕ()|) +qp
)
‖f ‖F(p,q,s). ()










( – |ϕ()|) +qp
. ()
Conversely, if Tψ,ψ,ϕ : F(p,q, s) → Bμ is bounded, then Tψ,ψ,ϕ : F(p,q, s) → Bμ is
bounded, () and () hold, and by using the function f (z) ≡  ∈ F(p,q, s) therein we
obtain that ψ ∈ Bμ and that () holds. From the proof of (i) for n = , we see that (d)
and (e) hold, as well as the asymptotic relations M  ‖Tψ,ψ,ϕ‖F(p,q,s)→Bμ and M 
‖Tψ,ψ,ϕ‖F(p,q,s)→Bμ . Hence,






from which, along with () and (), we see that () holds.
(iii) Assume that n = , p = + q, s > , and that conditions (f ), (g), and (h) hold. Assume






















































































+ |ψ()| – |ϕ()|
)
‖f ‖F(p,q,s). ()













+ |ψ()| – |ϕ()| . ()
Conversely, suppose that Tψ,ψ,ϕ : F(p,q, s) → Bμ is bounded. Then Tψ,ψ,ϕ : F(p,
q, s)→ Bμ is bounded too. For ζ ∈D, let
fζ (z) = ln
( 




f ′ζ (z) =
ϕ(ζ )
 – ϕ(ζ )z
and f ′′ζ (z) =
(ϕ(ζ ))
( – ϕ(ζ )z)
.
Easy calculation shows that fζ ∈ B, ζ ∈D, and that there isC >  such that supζ∈D ‖fζ‖B ≤









































ψ ′(ζ ) ln
( 




( – |ϕ(ζ )|)
+
(
ψ(ζ )ϕ′(ζ ) +ψ ′(ζ )
) ϕ(ζ )





















|ψ(ζ )ϕ′(ζ ) +ψ ′(ζ )|
 – |ϕ(ζ )| +
|ψ(ζ )ϕ′(ζ )|
( – |ϕ(ζ )|) . ()
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Hence, we have M +M +M  ‖Tψ,ψ,ϕ‖F(p,q,s)→Bμ , which, along with () and (),
yields (), completing the proof of the theorem. 
The next lemma is proved by using standard Schwartz’s arguments in [].
Lemma  Let  < p, s < ∞, – < q < ∞, q + s > –, ψ,ψ ∈ H(D), n ∈ N, μ be a typical
weight, and ϕ ∈ S(D). Then Tnψ,ψ,ϕ : F(p,q, s) (or F(p,q, s)) → Bμ is compact if and only
if for every bounded sequence (fk)k∈N in F(p,q, s) (or F(p,q, s)) that converges to zero on
compact subsets of D as k → ∞, we have ‖Tnψ,ψ,ϕ fk‖Bμ →  as k → ∞.
Theorem  Let  < p, s <∞, – < q <∞, q + s > –, ψ,ψ ∈H(D), n ∈ N, μ be a typical
weight, and ϕ ∈ S(D). Then the following statements are true.
(i) If n ∈N, or n =  and p < + q, then Tnψ,ψ,ϕ : F(p,q, s) (or F(p,q, s))→ Bμ is compact



















(ii) If p >  + q, then Tψ,ψ,ϕ : F(p,q, s) (or F(p,q, s))→ Bμ is compact if and only if ψ ∈













(iii) If p =  + q and s > , then Tψ,ψ,ϕ : F(p,q, s) (or F(p,q, s)) → Bμ is compact if and
only if ψ ∈ B, ψϕ′ +ψ ′ ∈H∞μ , ψϕ′ ∈H∞μ , and
(f ) lim|ϕ(z)|→ μ(z)|ψ ′(z)| ln( –|ϕ(z)| ) = ,
(g) lim|ϕ(z)|→
μ(z)|ψ(z)ϕ′(z)+ψ ′(z)|




Proof (i) Suppose that n ∈N, or n =  and p < +q, andTnψ,ψ,ϕ : F(p,q, s) (or F(p,q, s))→
Bμ is compact. Let (zk)k∈N be a sequence in D such that |ϕ(zk)| →  as k → ∞ (if such a
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)( + q
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)( + q
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p + j + 











p + j – 
)( + q
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p + n + 
)( + q









p + j + 















p + j – 
)( + q
p + j + 















p + j – 
)( + q
p + j





From the proof of Theorem  we know that (fk)k∈N, (gk)k∈N, and (hk)k∈N are norm bounded
sequences in F(p,q, s), and it is easy to see that they converge to zero uniformly on com-





















From (), (), and () it follows that
μ(ζ ) |ψ(ζ )ϕ
′(ζ )(ϕ(ζ ))n+|
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μ(ζ ) |(ψ(ζ )ϕ
′(ζ ) +ψ ′(ζ ))(ϕ(ζ ))n+|


















Letting k → ∞ in ()-() and employing (), we get (a), (b), and (c).
Conversely, assume that ψ ∈ Bμ, ψϕ′ + ψ ′ ∈ H∞μ , ψϕ′ ∈ H∞μ , and that (a), (b), and
(c) hold. Let (fk)k∈N be a sequence in F(p,q, s) (or F(p,q, s)) such that fk →  uniformly
on compact subsets of D and ‖fk‖F(p,q,s)  . Then f (n)k , f (n+)k , and f (n+)k converge to zero
uniformly on compact subsets of D as k → ∞.
Since (a), (b), and (c) hold, for every ε > , there exists δ ∈ (, ) such that
μ(z)|ψ ′(z)|
( – |ϕ(z)|) +qp +n–
< ε, μ(z)|ψ(z)ϕ
′(z) +ψ ′(z)|




( – |ϕ(z)|) +qp +n+
< ε
when δ < |ϕ(z)| < .
Since ψ ∈ Bμ, ψϕ′ + ψ ′ ∈ H∞μ , and ψϕ′ ∈ H∞μ , we have N = supz∈D μ(z)|ψ ′(z)| < ∞,
N = supz∈D μ(z)|ψ(z)ϕ′(z) + ψ ′(z)| < ∞, and N = supz∈D μ(z)|ψ(z)ϕ′(z)| < ∞. This, to-





















































































































































( – |ϕ(z)|) +qp +n

























∣f (n+)k (ζ )
∣
∣ + ε.
From the arbitrariness of ε and the fact that f (n)k , f
(n+)
k , and f
(n+)
k converges to zero uni-
formly on compact subsets of D we have limk→∞ ‖Tnψ,ψ,ϕ fk‖Bμ = , and so by Lemma ,
Tnψ,ψ,ϕ : F(p,q, s) (or F(p,q, s))→ Bμ is compact.
(ii) If Tψ,ψ,ϕ : F(p,q, s) (or F(p,q, s)) → Bμ is compact, then it is bounded and from
Theorem  we see that ψ ∈ Bμ, ψϕ′ + ψ ′ ∈ H∞μ , and ψϕ′ ∈ H∞μ . Relations (d) and (e)
follow from the proof of (i) with n = .
Now assume that p >  + q, ψ ∈ Bμ, ψϕ′ ∈ H∞μ , ψϕ′ + ψ ′ ∈ H∞μ , and that (d)
and (e) hold. Let (fk)k∈N be a bounded sequence in F(p,q, s) (or F(p,q, s)) that con-
verges to zero uniformly on compact subsets of D as k → ∞. To show that Tψ,ψ,ϕ :
F(p,q, s) (or F(p,q, s)) → Bμ is compact, we need to show that, for each such sequence,
‖Tψ,ψ,ϕ fk‖Bμ →  as k → ∞.
From (d) and (e) we have that for every ε > , there exists δ ∈ (, ) such that
μ(z)|ψ(z)ϕ′(z) +ψ ′(z)|
( – |ϕ(z)|) +qp
< ε and μ(z)|ψ(z)ϕ
′(z)|
( – |ϕ(z)|) +qp +
< ε





















































































































































∣f ′k (ζ )
∣
∣ + ε,
where Nj, j = , , are as in (i).
From this and from the fact that f ′k and f ′′k converge to zero on compacts of D as
k → ∞, by Lemma . in [] we have supz∈D |fk(z)| →  as k → ∞, and by the arbi-
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trariness of ε it follows that limk→∞ ‖Tψ,ψ,ϕ fk‖Bμ = . Hence, by Lemma , Tψ,ψ,ϕ :
F(p,q, s) (or F(p,q, s))→ Bμ is compact.
(iii) If Tψ,ψ,ϕ : F(p,q, s) (or F(p,q, s)) → Bμ is compact, then it is bounded, and from
Theorem  we see that ψ ∈ Bμ, ψϕ′ + ψ ′ ∈ H∞μ , and ψϕ′ ∈ H∞μ . Relations (g) and (h)
follow from the proof in (i) with n =  and p =  + q.
Assume that (zk)k∈N is a sequence in D for which |ϕ(zk)| →  as k → ∞ (if such a se-






































































































By some calculation we have gk ∈ B, k ∈ N, and supk∈N ‖gk‖B ≤ C < ∞. Since s > , we
have gk ∈ F(p,q, s) and supk∈N ‖gk‖F(p,q,s) < ∞. It is easy to see that gk converges to zero

































Bμ →  ()
as k → ∞, so (f ) holds.
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Now assume that p =  + q, ψ ∈ Bμ, ψϕ′ ∈ H∞μ , ψϕ′ +ψ ′ ∈ H∞μ , and that (f ), (g), and
(h) hold. Let (fk)k∈N be a bounded sequence in F(p,q, s) (or F(p,q, s)) that converges to
zero uniformly on compact subsets of D as k → ∞.











 – |ϕ(z)| < ε, and
μ(z)|ψ(z)ϕ′(z)|
( – |ϕ(z)|) < ε
when δ < |ϕ(z)| < .









































































































































































∣f ′′k (ζ )
∣
∣ + ε,
where Nj, j = , , are as in (i).
From this, since fk , f ′k , and f ′′k converge to zero on compacts of D as k → ∞, by the
arbitrariness of ε it follows that limk→∞ ‖Tψ,ψ,ϕ fk‖Bμ = . Hence, by Lemma , Tψ,ψ,ϕ :
F(p,q, s) (or F(p,q, s))→ Bμ is compact. 
Theorem  Let  < p, s <∞, – < q <∞, q + s > –, ψ,ψ ∈H(D), n ∈ N, μ be a typical
weight, and ϕ ∈ S(D). Then the following statements are true.
(i) If n ∈N, or n =  and p <  + q, then Tnψ,ψ,ϕ : F(p,q, s)→ Bμ, is bounded if and
only if ψ ∈ Bμ,, ψϕ′ +ψ ′ ∈H∞μ,, ψϕ′ ∈H∞μ,, and conditions (a)-(c) of Theorem 
hold.
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(ii) If p >  + q, then Tψ,ψ,ϕ : F(p,q, s)→ Bμ, is bounded if and only if ψ ∈ Bμ,,
ψϕ′ +ψ ′ ∈H∞μ,, ψϕ′ ∈H∞μ,, and conditions (d) and (e) of Theorem  hold.
(iii) If p =  + q and s > , then Tψ,ψ,ϕ : F(p,q, s)→ Bμ, is bounded if and only if
ψ ∈ Bμ,, ψϕ′ +ψ ′ ∈H∞μ,, ψϕ′ ∈H∞μ,, and conditions (f)-(h) of Theorem  hold.
Proof (i) First, assume that Tnψ,ψ,ϕ : F(p,q, s) → Bμ, is bounded. Taking the test func-
tions pk(z) = zk/k! for k ∈ {n,n+,n+}, we easily get thatψ ∈ Bμ, and that the functions
ψϕ′ +ψ ′ andψϕ′ are inH∞μ,. Moreover, as in the proof of Theorem , we can easily show
that conditions (a)-(c) hold.
Conversely, suppose that ψ ∈ Bμ,, ψϕ′ + ψ ′ ∈ H∞μ,, ψϕ′ ∈ H∞μ,, and that conditions
(a)-(c) of Theorem  hold. Then by Theorem (i) we know that the operator Tnψ,ψ,ϕ :
F(p,q, s) → Bμ is bounded. Hence, to show that the operator Tnψ,ψ,ϕ : F(p,q, s) → Bμ,
is bounded, it suﬃces to show that Tnψ,ψ,ϕ f ∈ Bμ, for every f ∈ F(p,q, s). Take any ε > .
Let f ∈ F(p,q, s). Then by Lemma , f ∈ B(q+)/p . From this by using Propositions  and 





( – |z|) +qp +j–
for j ∈ {n,n + ,n + }, where n ∈N or n =  and p <  + q.







∣ < ε μ(z)|ψ
′
(z)|



























∣ < ε μ(z)|ψ(z)ϕ
′(z)|
( – |ϕ(z)|) +qp +n+
≤Mε ()




( – |ϕ(z)|) +qp +n–
, M := sup
|ϕ(z)|>δ
μ(z)|ψ(z)ϕ′(z) +ψ ′(z)|





( – |ϕ(z)|) +qp +n+
(note that these quantities are ﬁnite due to conditions (a)-(c)).
On the other hand, sinceψ ∈ Bμ,,ψϕ′+ψ ′ ∈H∞μ,, andψϕ′ ∈H∞μ,, we have that there






























whenever |z| > δ.







∣ ‖f ‖F(p,q,s) μ(z)|ψ
′
(z)|
( – δ )
+q
p +n–













( – δ )
+q
p +n














( – δ )
+q
p +n+
 ε‖f ‖F(p,q,s). ()
Combining () and (), () and (), and () and (), respectively, we have that,


















































































from which it follows that Tnψ,ψ,ϕ f ∈ Bμ, for every f ∈ F(p,q, s) and, consequently, the
boundedness of the operator Tnψ,ψ,ϕ : F(p,q, s)→ Bμ,.
(ii) If Tψ,ψ,ϕ : F(p,q, s) → Bμ, is bounded, then as in the proof of (i), we get that ψ ∈
Bμ,, ψϕ′ +ψ ′ ∈H∞μ,, ψϕ′ ∈H∞μ,, and that conditions (d) and (e) of Theorem  hold.
Conversely, suppose that ψ ∈ Bμ,, ψϕ′ + ψ ′ ∈ H∞μ,, ψϕ′ ∈ H∞μ,, and that condi-
tions (d) and (e) of Theorem  hold. Then by Theorem (ii) we know that the oper-
ator Tψ,ψ,ϕ : F(p,q, s) → Bμ is bounded. Hence, as in (i), to show that the operator
Tψ,ψ,ϕ : F(p,q, s) → Bμ, is bounded, it suﬃces to show that Tψ,ψ,ϕ f ∈ Bμ, for every
f ∈ F(p,q, s).
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∣ < ε ()
for |z| > δ. Let f ∈ F(p,q, s). Then by Lemma , f ∈ B(q+)/p . From this, by Proposition 





( – |z|) +qp +j–
for j ∈ {, }.


























∣ < ε μ(z)|ψ(z)ϕ
′(z)|
( – |ϕ(z)|) +qp +
≤Nε ()




( – |ϕ(z)|) +qp
and N := sup
|ϕ(z)|>δ
μ(z)|ψ(z)ϕ′(z)|
( – |ϕ(z)|) +qp +
(note that these quantities are ﬁnite due to conditions (d) and (e) of Theorem ).
On the other hand, since ψϕ′ + ψ ′ ∈ H∞μ, and ψϕ′ ∈ H∞μ,, we have that there is δ ∈




















whenever |z| > δ.

































 ε‖f ‖F(p,q,s). ()
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when |z| > max{δ, δ}. Hence, Tψ,ψ,ϕ f ∈ Bμ, for every f ∈ F(p,q, s), from which the
boundedness of Tψ,ψ,ϕ : F(p,q, s)→ Bμ, follows.
(iii) If Tψ,ψ,ϕ : F(p,q, s)→ Bμ, is bounded, then as in the proof of (i), we get that ψ ∈
Bμ,,ψϕ′ +ψ ′ ∈H∞μ,,ψϕ′ ∈H∞μ,, and that conditions (f ), (g), and (h) of Theorem  hold.
Conversely, suppose that ψ ∈ Bμ,, ψϕ′ + ψ ′ ∈ H∞μ,, ψϕ′ ∈ H∞μ,, and conditions
(f ), (g), and (h) of Theorem  hold. Then by Theorem (iii) we know that the operator
Tψ,ψ,ϕ : F(p,q, s) → Bμ is bounded. As in the previous two cases, to show that the op-
erator Tψ,ψ,ϕ : F(p,q, s) → Bμ, is bounded, it suﬃces to show that Tψ,ψ,ϕ f ∈ Bμ, for
every f ∈ F(p,q, s).
Take any ε > . Let f ∈ F(p,q, s). Then by Lemma , f ∈ B. From this, by [], Proposi-
tion , and [], Lemma , for the case n =  with f ′ replaced by f , it easily follows that there









∣ < ε( – |z|)j
for j ∈ {, }.








































( – |ϕ(z)|) ≤ Lε ()
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 – |ϕ(z)| , L := sup|ϕ(z)|>δ
μ(z)|ψ(z)ϕ′(z) +ψ ′(z)|





(note that these quantities are ﬁnite due to conditions (f ), (g), and (h) of Theorem ).
On the other hand, sinceψ ∈ Bμ,,ψϕ′+ψ ′ ∈H∞μ,, andψϕ′ ∈H∞μ,, we have that there
























whenever |z| > δ.














































( – δ )
< ε‖f ‖F(p,q,s). ()
Combining () and (), () and (), and () and (), respectively, we have that, when-
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when |z| > δ. Hence, Tψ,ψ,ϕ f ∈ Bμ, for every f ∈ F(p,q, s), fromwhich the boundedness
of Tψ,ψ,ϕ : F(p,q, s)→ Bμ, follows. 
Theorem  Let  < p, s < ∞, – < q < ∞,q + s > –, ψ,ψ ∈ H(D), n ∈ N, μ be a typical
weight, and ϕ ∈ S(D).
(i) If n ∈ N, or n =  and p <  + q, and Tnψ,ψ,ϕ : F(p,q, s) → Bμ, is bounded, then ψ ∈
Bμ,, ψϕ′ +ψ ′ ∈H∞μ,, ψϕ′ ∈H∞μ,, and conditions (a)-(c) of Theorem  hold.
Also, if ψ ∈ Bμ,, ψϕ′ + ψ ′ ∈ H∞μ,, ψϕ′ ∈ H∞μ,, and conditions (a)-(c) of Theorem 
hold, then Tnψ,ψ,ϕ : F(p,q, s)→ Bμ, is bounded.
(ii) If +q < p and Tψ,ψ,ϕ : F(p,q, s)→ Bμ, is bounded, thenψ ∈ Bμ,,ψϕ′+ψ ′ ∈H∞μ,,
ψϕ′ ∈H∞μ,, and conditions (d) and (f) of Theorem  hold.
Also, if ψ ∈ Bμ,, ψϕ′ +ψ ′ ∈H∞μ,, ψϕ′ ∈H∞μ,, and conditions (d) and (f) of Theorem 
hold, then Tψ,ψ,ϕ : F(p,q, s)→ Bμ, is bounded.
(iii) If  + q = p, s > , and Tψ,ψ,ϕ : F(p,q, s) → Bμ, is bounded, then ψ ∈ Bμ,, ψϕ′ +
ψ ′ ∈H∞μ,, ψϕ′ ∈H∞μ,, and conditions (f)-(h) of Theorem  hold.
Also, if ψ ∈ Bμ,, ψϕ′ + ψ ′ ∈ H∞μ,, ψϕ′ ∈ H∞μ,, and conditions (f)-(h) of Theorem 
hold, then Tψ,ψ,ϕ : F(p,q, s)→ Bμ, is bounded.
Proof (i) Suppose that n ∈ N, or n =  and p <  + q, and that Tnψ,ψ,ϕ : F(p,q, s) → Bμ,
is bounded. Then Tnψ,ψ,ϕ : F(p,q, s) → Bμ, is also bounded, and so by (i) of Theorem ,
ψ ∈ Bμ,, ψϕ′ +ψ ′ ∈H∞μ,, ψϕ′ ∈H∞μ,, and conditions (a)-(c) of Theorem  hold.
Conversely, suppose thatψ ∈ Bμ,,ψϕ′ +ψ ′ ∈H∞μ,,ψϕ′ ∈H∞μ,, and conditions (a)-(c)
of Theorem  hold. Then by Theorem (i) we have that Tnψ,ψ,ϕ : F(p,q, s) → Bμ is com-
pact. Hence, to show the boundedness of Tnψ,ψ,ϕ : F(p,q, s)→ Bμ,, it suﬃces to show that
Tnψ,ψ,ϕ f ∈ Bμ, for every f ∈ F(p,q, s). Take any ε > . By conditions (a)-(c) of Theorem 
there is δ ∈ (, ) such that
μ(z)|ψ ′(z)|
( – |ϕ(z)|) +qp +n–
< ε, ()
μ(z)|ψ(z)ϕ′(z) +ψ ′(z)|




( – |ϕ(z)|) +qp +n+
< ε ()
when |ϕ(z)| > δ.
On the other hand, sinceψ ∈ Bμ,,ψϕ′+ψ ′ ∈H∞μ,, andψϕ′ ∈H∞μ,, we have that there




























whenever |z| > δ.
Stevic´ et al. Journal of Inequalities and Applications  (2016) 2016:219 Page 28 of 32
Thus, for |ϕ(z)| ≤ δ and |z| > δ, we have that
μ(z)|ψ ′(z)|









( – |ϕ(z)|) +qp +n
≤ μ(z)|ψ(z)ϕ
′(z) +ψ ′(z)|






( – |ϕ(z)|) +qp +n+
≤ μ(z)|ψ(z)ϕ
′(z)|




Combining () and (), () and (), and () and (), respectively, we have that,



































from which it follows that Tnψ,ψ,ϕ f ∈ Bμ, for every f ∈ F(p,q, s), as desired.
(ii) and (iii) These statements are proved similarly to (i). Hence, we omit the details. 
The following lemma was essentially proved in [].
Lemma  Let μ be a typical weight. Then a closed set K in Bμ, is compact if and only if







Theorem  Let  < p, s < ∞, – < q < ∞,q + s > –, ψ,ψ ∈ H(D), n ∈ N, μ be a typical
weight, and ϕ ∈ S(D). Then the following statements hold.
(i) If n ∈N, or n =  and p < +q, then Tnψ,ψ,ϕ : F(p,q, s) (or F(p,q, s))→ Bμ, is compact



















(ii) If p >  + q, then Tψ,ψ,ϕ : F(p,q, s) (or F(p,q, s)) → Bμ, is compact if and only if













(iii) If p =  + q and s > , then Tψ,ψ,ϕ : F(p,q, s) (or F(p,q, s)) → Bμ, is compact if and
only if
(f ) lim|z|→ μ(z)|ψ ′(z)| ln( –|ϕ(z)| ) = ,
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(g) lim|z|→
μ(z)|ψ(z)ϕ′(z)+ψ ′(z)|




Proof (i) Suppose that n ∈ N, or n =  and p <  + q, and that (a), (b), and (c) hold.
Then by Theorem  the operator Tnψ,ψ,ϕ : F(p,q, s) (or F(p,q, s)) → Bμ is bounded,
ψ ∈ Bμ,, ψϕ′ + ψ ′ ∈ H∞μ,, and ψϕ′ ∈ H∞μ,, from which it follows that Tnψ,ψ,ϕ :
F(p,q, s) (or F(p,q, s)) → Bμ, is bounded, and, consequently, its image of the unit ball
in F(p,q, s).
Hence, due to Lemma , to show that Tnψ,ψ,ϕ : F(p,q, s) (or F(p,q, s)) → Bμ, is com-









∣ = . ()











( – |ϕ(z)|) +qp +n–
+ μ(z)|ψ(z)ϕ
′(z) +ψ ′(z)|
( – |ϕ(z)|) +qp +n
+ μ(z)|ψ(z)ϕ
′(z)|
( – |ϕ(z)|) +qp +n+
)
‖f ‖F(p,q,s). ()
Taking the supremum in () over all f ∈ F(p,q, s) (or F(p,q, s)) such that ‖f ‖F(p,q,s) ≤
, then letting |z| → , and using conditions (a)-(c), we see that () holds, so Tnψ,ψ,ϕ :
F(p,q, s) (or F(p,q, s))→ Bμ, is compact.
Conversely, suppose that Tnψ,ψ,ϕ : F(p,q, s) (or F(p,q, s)) → Bμ, is compact. Then















( – |ϕ(z)|) +qp +n+
= . ()
On the other hand, using the test functions f (z) = zk/k!, k ∈ {n,n + ,n + }, which belong















∣ = . ()
Stevic´ et al. Journal of Inequalities and Applications  (2016) 2016:219 Page 30 of 32
From () we have that for any ε > , there exists t ∈ (, ) such that
μ(z)|ψ ′(z)|
( – |ϕ(z)|) +qp +n–
< ε ()










when r < |z| < .
Therefore, when r < |z| <  and t < |ϕ(z)| < , we have
μ(z)|ψ ′(z)|
( – |ϕ(z)|) +qp +n–
< ε,
whereas when r < |z| <  and |ϕ(z)| ≤ t, using (), we have
μ(z)|ψ ′(z)|
( – |ϕ(z)|) +qp +n–




( – |ϕ(z)|) +qp +n–
≤ ε.
Since ε is an arbitrary positive number, we get
lim|z|→
μ(z)|ψ ′(z)|
( – |ϕ(z)|) +qp +n–
= ,
that is, condition (a) holds.
Similarly, we prove that () and () imply (b) and that () and () imply (c).
(ii) Assume that ψ ∈ Bμ, and that (d) and (e) hold. Then by Theorem (ii), Tψ,ψ,ϕ :
F(p,q, s) (or F(p,q, s))→ Bμ is bounded,ψϕ′+ψ ′ ∈H∞μ,, andψϕ′ ∈H∞μ,. From all these
facts it follows thatTψ,ψ,ϕ : F(p,q, s) (or F(p,q, s))→ Bμ, is bounded, and, consequently,
so is its image of the unit ball in F(p,q, s).















( – |ϕ(z)|) +qp
+ μ(z)|ψ(z)ϕ
′(z)|
( – |ϕ(z)|) +qp +
,










∣ : f ∈ F(p,q, s) (or F(p,q, s)
)
,‖f ‖F(p,q,s) ≤ 
}
= ,
and so by Lemma  we get that Tψ,ψ,ϕ : F(p,q, s) (or F(p,q, s))→ Bμ, is compact.
Conversely, if Tψ,ψ,ϕ : F(p,q, s) (or F(p,q, s)) → Bμ, is compact, then for f (z) ≡ , we
obtain that Tψ,ψ,ϕ =ψ ∈ B. Relations (d) and (e) follow from the proof of (i) with n = .
(iii) Assume that (f ), (g), and (h) hold. Then by Theorem (iii) the operator Tψ,ψ,ϕ :
F(p,q, s) (or F(p,q, s)) → Bμ is bounded, ψ ∈ Bμ,, ψϕ′ + ψ ′ ∈ H∞μ,, and ψϕ′ ∈ H∞μ,.
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Thus, the operator Tψ,ψ,ϕ : F(p,q, s) (or F(p,q, s))→ Bμ, is bounded, and so is its image
of the unit ball in F(p,q, s).
By Lemma  we have that for every f ∈ F(p,q, s) (or F(p,q, s)) such that ‖f ‖F(p,q,s) ≤ ,























( – |ϕ(z)|) . ()
Taking the supremum in () over all f ∈ F(p,q, s) (or F(p,q, s)) such that ‖f ‖F(p,q,s) ≤ ,
then letting |z| → , and using Lemma, we obtain thatTψ,ψ,ϕ : F(p,q, s) (or F(p,q, s))→
Bμ, is compact.
If Tψ,ψ,ϕ : F(p,q, s) (or F(p,q, s)) → Bμ, is compact, then Tψ,ψ,ϕ : F(p,q, s) (or F(p,



















 – |ϕ(z)| < ε ()
when t < |ϕ(z)| < .





∣ < ε/ ln  – t ()
when r < |z| < . Hence, () holds when r < |z| <  and t < |ϕ(z)| < , whereas form () we
see that () holds when r < |z| <  and |ϕ(z)| ≤ t, so that (f ) holds.
Relations (g) and (h) follow from the proof of (i) with n =  and p =  + q. 
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